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Abstract. Based on the Maslov complex germ theory, a method of constructing the quasi-
classical spectral series for the Dirac operator is proposed. The case when the corresponding
relativistic Hamiltonian system is non-integrable and it admits a family of invariant two-
dimensional stable Lagrangian tori containing the focal points is considered. The resulting
quantization conditions for the above family generalize the Bohr-Sommerfeld-Maslov conditions
and include new additional characteristics, The quasi-classical asymptotics obtained are regular
over the full classically allowed domain. They also form an asymptotically complete and
orthonormal set. Examples which use the proposed technique of the quasi-classical quantization
are analysed,

1. Introduction

This paper is devoted to the problem of asymptotics (quasi-classical) quantization of non-
integrable systems in the region of their regular motion [1]. In this case we failed to construct
a family of invariant n-dimensional Lagrangian tori in a 2n-dimensional phase space. (In
mathematical literature the corresponding torus is termed isotropic.) Nevertheless, it often
occurs that a non-integrable Lagrangian system possesses tori with a smaller dimension
than that of the initial configuration space. Such a situation is typical of systems which
possess a certain set of conserved quantities—the motion integrals [2]. Examples include
a relativistic electron in the inhomogeneous magnetic field of ap accelerator (with weak
focusing), a hydrogen atom in a strong magnetic field (the Zeeman effect), etc.

A rigorous mathematical theory of the quasi-classical quantization of invariant
incomplete-dimensional Lagrangian tori and constructing quasi-classical asymptotics (the
so-called complex germ theory) was developed in general outline in [3,4]. The basic
idea of this theory is to reduce the initial problem of constructing asymptotic solutions
to the study of geometric objects of the classical mechanics—the family of invariant
Lagrangian tori with complex germ. From this family a discrete subfamily which generates
a corresponding spectral series—a set of quasi-classical energy levels and corresponding
to them quasi-classical eigenfunctions—is selected according to the quantization conditions
{which together with the Maslov index contain new characteristics). Eigenfunctions form
an asymptotically complete orthonormal set, and they are localized in a neighbourhood of
a classically allowed region. In [5, 6] it was noted that the existence of a complex germ is
equivalent to the orbit stability of the torus.
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5274 V G Bagrov et al

In this paper the Maslov complex germ theory is applied to consiruct quasi-classical
spectral series of the Dirac operator for the case when the relativistic classical system
permits a family of invariant two-dimensional Lagrangian tori. (The Dirac operator spectral
series corresponding to the motion of a relativistic electron along a closed stable orbit were
obtained in [7].) Neglecting some particular technical details we shall qualitatively describe
the main stages of the construction.

The following spectral problem is considered

(Hp — E); =0 (1.1)

- ad
Hp=Hp|-ih—,q,h
D D( qu )

is the Weyl-ordered Dirac operator in an external electromagnetic field, E is the spectral
parameter depending on &, and g = (41, g2, 43} are the coordinates (curwhnear in the general
case) of the configuration space R3 Let the main symbol of the operator Hp be denoted

where

H {(p,q) = Hp(p, g,0). The mamix H (P, g) possesses two doubly degenerate eigenvalues
AE(p, ¢), one on which AP(p, ¢) coincides with the classical Hamiltonian function of a
relativistic electron. The corresponding classical motion is described by the Hamiltonian
system

dr _ dq = ¢,

dt ] dt (12)

The case of a partially integrable system (1.2) allowing a family of two-dimensional
invariant Lagrangian ton is considered. This situation is typical when an electron moves in
the fields with an axial symmetry.

Namely, let the variable g3 = ¢{mod2m) be cyclic. Then system (1.2) has the two
integrals of motion: the integrals of energy Eq = A™(p, ¢) and momentum Iy = p,. It
is supposed that in a certain region of varying parameters @ = (Ej, Ip) in the phase space
]Rf, x Rg, system (1.2) permits a smooth two-parametric family of invariant two-dimensional
Lagrangian tori A%2(w) = {(p,q) : p = p(z, ®),q = g(r, w)} lying on a joint surface of
the energy level Ep and the momentum Jy. The real coordinates 7 = (17, 7o) on A%(w) are
chosen in such a way that 7; == z. It is also assumed that A%(w) is defined by the equations
p = p(t,w), g = q(7, @) by means of only one set T € RZ.

According to the general theory of the complex germ [3, 4], to construct the asymptotics
which correspond to the invariant Lagrangian manifold A%(w) it is not sufficient to know
only the manifold A%(w). This makes up one of the principal distinctions from the case of the
quasi-classical Maslov asymptotics with real phases [8,9] to which the invariant Lagrangian
torl of complete dimension {coinciding with that of configuration space) correspond, It
is mecessary to construct a new geometric object, a complex germ r3(A%(w)), which
is responsible for the complex part of the asymptotic phase. In essence, r*(AZ(w)) is
given by a set of three linearly independent vector-functions ax(t), k = 1, 2, 3, being the
solutions of the linear Hamiltonian system (which is derived from (1.2) by linearization in
a neighbourhood of the manifold A%(e)) and satisfying the conditions of Lagrangianity and
dissipativity. As a result, we obtain a geometric object [A%(w), ¥*(A%(w))]—a family of
Lagrangian manifolds A?(w) with complex germ r3(A2(e)).
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The following basic point in constructing the quasi-classical asymptotics of (1.1)
corresponding to the family A%(e) is due to the presence on A2(w) of singular (focal) points
with respect to projection onto the configuration space. It is well known that in the standard
WKB method {10] the presence of focal peints turns out to be an obstacle to construction
of a unified regular asymptotic solution (which is valid over the full configuration space,
including the focal points). Within the framework of complex germ theory this problem
is solved by means of constructing a canonical operator with complex phase which, in
fact, does determine the rule of matching the local asymptotics. The original version
of this operator was proposed by Maslov [3]. Modification of the general construction
of the canonical operator with complex phase in the case of incomplete-dimensional tori
{manifolds) containing focal points was made in [5, 6].

As applied to our case, the procedure for constructing a regular asymptotic is as follows.
The manifold A%(w) is covered by a set of neighbourhoods §2; forming a canonical atlas
on it. Let m,(£2;) be a part of the configuration space onto which the neighbourhood Q; is
projected. For each domain 7,($2,), a comesponding asymptotic (med O@®3/%)) solution of
(1.1) is found

(Hp — E)Wi(g, k) = O®*?), (1.3)

This approximation is sufficient to define the leading term lllfs of the local asymptotic
. -
¥, On the basis of the functions W}, by the construction of the canonical operator

K a2y, a multi-valued function Wg is built up on the configuration space. To avoid mult-
valuedness, one should impose additional conditions leading to the quantization conditions
of the family [A%(w), r’(A%(w))]. Unlike the Lagrangian tori of complete dimension,
which are quantized by the Bohr-Sommerfeld-Maslov rule [7], the above conditions contain
additional characteristics due to the complex germ 73(A2(w)) (see [5,6]).

As a result, from the continuous sequence of values of the spectral parameter E one
selects a discrete set of energy levels Ey (%), where N, I{h) is 2 set of quantum numbers
defined as

;Elf(']m(m =1 %1_1’1‘1) En(h) = Ey. (1.4)

Equations (1.4) point out the correspondence of this quasi-classical spectral series to the
classical motion with the energy Ep and the momentum Jy.

The asymptotic eigenfunctions Wg,, are localized in some neighbourhcod of the
projection of A%(w) onto R> and with the accuracy to O(#!/?) they form an asymptotically
complete orthonormal set of states

(Wi, | Ve lD = f & ¢ /2V}E Ve = Suwdir + OR'?) (1.5)

where * denotes Hermitian conjugation. .

The sequence of numbers Ey () and that of the functions Wg,, constructed in this
way are a quasi-classical spectral series of the Dirac operator Hp to which, in the limit
 — 0, the family of invariant Lagrangian tori A?(w) correspond.

To complete the picture, it is worth noting that the problem of quasi-classicai
approximation for the Dirac operator in the case when the corresponding relativistic
Hamiltonian system permits a family of complete-dimensional Lagrangian tori, was solved
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in [9] by constructing the Maslov canonical operator with real phase. The same problem
was dealt with in the work by Leray [11] but considered from the viewpoint of Lagrangian
analysis. The method of ‘gauge-invariant’ construction of the quasi-classical eigenvalues
and eigenfunctions for matrix differential operators proposed recently by Littlejohn and
Flynn [12,13] also deserves attention. Here, contrary to the traditional approach, the
construction is carried out in the phase space with specially chosen gauge-invariant
coordinates being, however, not canonical. Note that the quasi-classical quantization
of closed stable orbit are also investigated in mathematical literature [14-17] (see also
discussions in [20-22]).

The paper is organized in such a way as to make it self-contained as much as possible.
In sections 2 and 3 all the necessary facts from the complex germ theory are given. In
section 4 these results are illustrated by the example of a Hamiltonian system allowing the
family of non-complete Lagrangian tori A%(w). In section 5 for A%(w) 2 corresponding
spectral series of the Dirac operator is built up, The results obtained are applied to specific
physical systems in section 6. Part of the necessary material is taken into the appendices.

2. Complex germ on the family of two-dimensional Lagrangian manifolds

Let A? be a compact two-dimensional Lagrangian manifold which is invariant with respect
to Hamiltonian system (1.2) and lying on a surface energy level of classical Hamilton
function A*(p, g), A*|a2 = Eo. Let I denote an increasing subsequence of the set {1, 2, 3},
and [ an ordered subsequence of the same set supplementing / to {1,2,3}. The ordered
set y = (g;, pj) of the phase space coordinates (p, g) corresponds to the set (/, D;eg if
I =123} and I = {1} then y = (p1, 22, g5}, and when = {1,2,3} and ] = (¢}, we are
* likely to have y = g = (g1, g2, g3). Let §; denote the domain on A? which is projected
onto the coordinate plane (g, pj) smoothly and in a single-valued manner. In other words,
in the region £2; the following condition is valid

rank 2.1

ay | _ . 31, py)
3 “ =k )

Since A? is a compact manifold, the following statement holds true: the manifold A? may
be covered by a finite set of neighbourhoods £2;, satisfying condition (2.1). Such a set of
neighbourhoods {€2;,} forms a canonical atlas on A? (see also [3]).

For a given ordered set of coordinates y = (g;, pj), the ordered set of conjugate
momenta is py = {(pr.—g;). Consequently, for the above examples we shall have
Py = (—q1, p2, p3) and p, = (py, pa. p3), respectively. The transformation from the
coordinates (p, g) to (py, ¥) is canonical and determined by the symplectic (6 x 6)-matrix

G; = (‘; "AB) . (2.2)

Here, A and B are the diagonal (3 x 3)-matrices of the form Aup = 8,/8as, Bap = 8,76ab,
where

1 ael{

o a,b=1,273.
0 agl(h

Sal(l_) = {
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The canonical transformations leave the Hamiltonian system invariant, so that for (1.2) we
have

By=-  y=1iP (23)

where A (p,, y) is the function A% (p, g) expressed in the (py, y) coordinates. (Here and
below a dotted term implies a derivative with respect to 71.)
Let a six-component vector-function

_ (W@
““)'(zw))
be a solution of the system in variations
=AMy -2 ()
a(t) = ( v a9 )a(t) (2.4)
MP@ AP
which is the resujt of the linearization of Hamiltonian system (1.2) in a neighbourhood of
A? = {p = p(r),qg = q(r),7 € R}}. (By the function A%}(z) is meant the function

Ag;)(p, @) taken at p = p(t) and ¢ = ¢(7).) The same treatment of canonical system (2.3)
leads to the system in variations of the form

. _i(+)(r) _1(4—)(;) .
— ¥Py 434
a(t) = ( i;f;,(f) ig;(r) )a(t). 2.5)

Equations (2.4) and (2.5) are the linecar Hamiltonian systems, and the symplectic
transformation @(1) = Ga(t) is canonical for them. Whence it follows that to each
solution of (2.4)

a(z) = (‘;((:)))
there is a solution of (2.5)

Mﬂ=(?ﬁ)
where

= Wi () )
W)= AZ(r) — BW(D) =
() = AZ(x) - BW(2) (_ 23
2:2) (2.6)
(1) =BZ(r)+ AW() = | Z'F ) :
(v) = BZ(x) + AW(?) ( T
In addition, in view of the matrix G, being symplectic, for any two solutions of (2.5) there
is an identity

{d@, b} = {a, b} Q.7

where { } imply the anti-symmetric inner product.

Let us define the notion of a complex germ on the Lagrangian manifold A% The
following condition will be assumed to be fulfilled: equation (2.4) permits a set of three
smooth with respect to 7 = {11, ™2) € R%, linearly independent solutions ax(t), ¥ =1,2,3
such that:



5278 V G Bagrov et al

(@) The first two of them, (%), a2(7), define the basis for the plane tangent to the
manifold A? at the point T € A? and are of the form

_ (P} _[P®
al(r) - (q',(r)) ﬂz(f) - (qt(r)) - (2-8)

(Here and below the derivative with respect to 7, is denoted by prime.)
(») The solution

_ [ W(@)
a3(r) - (z(r) )
is a complex and bounded, with respect to the variables t = (71, 72), vector function
satisfying the condition

{a3(z), as(v)} = 2 2.9)

where * denotes the complex conjugation.
(c) All three solutions a;(r) are skew-normal in pairs to each other

{a(), a(T)} =0 (2.10)

At each point 7 € A? the complex plane 3(7) spanned by the vectors a(r) forms a
complex germ. In view of (2.}0) this plane is a Lagrangian plane, and vectors ar(t) form
the basis for it. The family of planes {r*(z), v € R?} define the complex germ r>(AZ) on
the invariant Lagrangian manifold AZ.

Note I, Vector as(r) introduced above is not, in the general case, a single-valued function
on AZ, since at different 7 and 7’ determining the same point on A2, we generally have
a3(7) # a3(r’). Nevertheless, assuming a certain inaccuracy, we call {r3(r), 7 € RZ} a
complex germ on AZ.

It should be mentioned now that since G, is a symplectic transformation, it transfers
the Lagrangian plane into itself, then in defining the complex germ r®(A?) instead of
the solutions a;(t) of (2.4) satisfying conditions (2.8)«2.10), we might take the linear-
independent solutions #;(t) = Ga(r) of (2.5) which form a new basis for the germ
r3(A?). The vectors &;(z) and 3,(t) tangent to the manifold A? have, according to (2.6)

the form
a(r) = (‘;”) @a(7) = (*;3;) (2.11)

and, in turn, from conditions (2.9), (2.10) and identity {2.7) it follows that

{a(r), &(x)}=0 (G5(r), d3(n)) = 2i. (2.12)

Hereinafter by the complex germ in the neighbourhood £2; will be meant the set of vector
ax (1) defined above.

The conditions stated in this section determine a geometric object [A%(w), 3 (A%)]—the
Lagrangian manifold with complex germ—which plays a key role in constructing quasi-
classical asymptotics with complex phase [4]. '
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3. Functions on 2 family of Lagrangian manifolds with complex germ

Let ©; C A? be some neighbourhood with the local coordinates y = (g;, pj), Py =
(p;. —q;) and the following objects be introduced. We shall build up square (3 x 3)-
matrices from the componenis of the complex germ vectors 4, (r) in the neighbourhood
£2;

B(z) = (py(2), p(x), W(2)) C(@) = (). Y (x), Z(x)). 3.0

Then, as follows from condition (2.1), in the region £2; the matrix € (1) is non—smgular In
this way, one can define the symmetric matrix = BC~! with the positively semi-defined
imaginary part [6]: Im Q(z) > 0.

Introduce a set of functions t(y) = {n{y), 12(y)} obeying the equations

=0, 3.2
=1{y}

{(¥(z), 3y} =1 (3{), )
T=1(y)

(Here and below the brackets {-, -} imply a scalar product in R*.) The existence of such a
set, at least locally, follows from condition (2.1).
By Ay and Ap; denote the operators

Ay=y—y(1) Apy = —ihd, — py(T). (3.3)

T=const

In the neighbourhood §2; introduce a complex action (complex phase)
T
Sy, Ty = [(E — Eo)ny +f {p(T),dg(t}) — {g;(z), pr(T)} + (Py(D), AY)
Ty

+ 3{Ay, é(r)Ay}] (3.4)

T=1(y)

where E = Eg+hE; +0(?%), AP [ = Ep and the integration in (3.4) is carried out along
an arbitrary path on A% with the end at the point 7 € ;.
Relate operators to the vectors dx(t) of the complex germ as follows

-~

. 1 - .
dy = {y(1), Apy) — (Py(z), Ay} as = E((Z(f)- Apy) — (W(T). Ay))
1

. R (3.5)
&y = ('), Apy) — (P}(0), Ay) & = 72’?“2(”)’ Apy) — (W(), Ay)).
In view of (2.12), the following commutation relations hold
Be@, &1 =0 @G @l=1  ki=123 (3.6)

Define the function J(z) = det€(r). Since the condition J(r) # 0 is fulfilled in the
neighbourhood £2;, one can introduce the function

10, T(y)) = ; exp [%E(y, r(y))] : (3.7
el
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Using the creation operator 3: one can construct a set of functions of the form
v, 7)) = =10, 7 (38)
] y ,\/ﬁ 3 ’ . f

Using (3.4) and (3.6) it is not difficult to show that
Glv, TN =0  &lv,7()) =0 (3.9)

Finally, associate the Hamiltonian function AP (p,,y) to the Weyl-ordered quadratic
operator in a mixed y-representation

N 2.1 74 T IA S 5 )
ho = Eo+é+3 (89,5005 + 23, 10@A5) + (85, 3 mAy)

+(8 5y 35, (4py)] (3.10)

r=y)
Then, the functions (3.8) form a set of exact solutions of the Schridinger equation with
Hamiltonian (3.10)
. 24}
(—ihdy, + 49 — E)v, (1)} =0. G.11)

As one can see below the functions |v, T(y)} are the basis for construction of the Maslov
canonical operator with complex phase,

4. Family of invariant two-dimensional Lagrangian tori (special case)

The results of the two previous sections will be illustrated by an example of a partially
integrable Hamiltonian system with an axial symmetry allowing a family of invariant two-
dimensional Lagrangian tori A2(w), w = (Ep, I).

Let the Hamiltonian function on the phase space Ri’, X Rg have the form

A (p, g) = A¥(p1, p3, ppr a1, q3). @.1)

In view of the variable ¢; = ¢(mod 2m) being cyclic, Hamiltonian system (1.2) permits the
two integrals of motion

po=1I A p, P2 I g1, 62) = Eo. (4.2)

For given values of the energy Ep and the momentum I the set of equations (4.2) govern
some joint surface M(Eqg, Iy). Let the surface M(FEjg, fy) be connected and compact in
some region of the varying parameters Eq and J;. We shall consider its intersection with
the coordinate plane T = {(p,gq) : 72 = g2 = 0}. Then, as follows from (1.2), the
intersection M (Ey, Ip) N'T is the invariant Lagrangian manifold A%(Ey, Iy) of the form

A(Ep, Ip) = S'(Ip) x AN(Ep, Ip) (4.3)
where

AlY(Eo, Io) = ((p. @) : A" (p1,0, I, 01, 0) = Eg} (4.4)

S'(Io) = {(pg, 9) : Pp = o, 9 € [0, 27]}. (4.5)
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Owing to the assumption of M (Ey, Ip) being compact the curve A Ey, Iy) is closed, whence
it follows that A%(Eq, Ip) forms a family of invariant two-dimensional Lagrangian tori.
The closed curve A'(Ey, Ip) obeys the pair of canonical equations

pr=-2Pn el @ =3 o1 q1 1) (4.6)

where i(‘*‘)(p],q],Io) = AH(p;,0,Ip,9,0). In the phase plane (p;,q1), equa-
tions (4.6) describe a one-dimensional finite motion on the energy level E;. By
{pi{t1, @), @1 (71, @), w(Ey, Ip)} denote a periodic (with respect to 7;) solution of (4.6)
with period T} given by

Ry () d
T, =2 f — “4.7)
R 2(qy, Ep, Io)

where Ri(w) are the roots of the equation i};:')(ql, Eo lyp) = 0, i.;,f’(ql,Eo, Iy =

if’T)(Qh p1(a1, By, o), 1o}, pi{g:, Eo, o) we obtain from the equation A(py, g1, Io) =
Ey.

As far as the angular variable ¢ is concerned, there is the following formula for it with
allowance for I7-periodicity of the functions p (1, @) and g1 (11, w):

T o
ot w) = j; :‘-f,:)(t, Eo, Ipydt + o= fini +6(n, 0) + 1 (4.8)
T,
where r{mod 2r),

1 fho,
Bi=g [ 36 B e
1.J0

and 9(7;, w) is the periodic function with period T;. The point 'L°'1 marks the ‘time origin’
for Hamiltonian system (4.6).

Now we shall find the three vectors ax(z) forming the complex germ on the family
AY(w) (4.3)~(4.5). The first two of them make up a symplectic basis for the tangent space
of the manifold A%(w) and, according to (2.8), are as follows (for the sake of simplicity
we shall omit the dependence on the parameters Eg and Iy, wherever it does not cause
confusion}:

a(r) = (p1(m), 0,0, 41(x1), 0, @(y))”

(4.9)
o(n) = (0,0,0,0,0, D'
The third vector as3(t), which is skew-normal to the first two, will be described as
ax(n) = (0. w(r;), 0,0, 2(r1), 0)". (4.10)

Then, substituting (4.10} into (2.4) we obtain the following system of equations for a pair
of complex functions w{t;} and z(%;)

({i’)=(° 0 —kéi’éz(n))(w). wil)
7w o )\
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Additionally, from (2.9) it follows that
Im(wz) = 1. (4.12)

Equation (4.11) is the linear Hamiltonian system with Tj-pericdic, with respect to 1,
coefficients.
The Floquet solution is chosen as a solution of this equation, i.e.

w(n+ 1)\ _ e ( w(T)
(z(ﬁ + 1)) ) =¢ (z(n) ) | @13
In this case, the condition of reality of the Floquet characteristic index $; follows from
(4.12). In its turn, the condition Im §2; = O ensures that the vector-function (4.10) is limited
in the entire region of varying the parameter 7; € R!. Thus, the vectors (4.9) together with
the vector (4.10) satisfying (4.12) and (4.13) form the complex germ r3(A%(w)).
It should be noted that the number §2;, according to (4.13) is, generally speaking,
determined with an accuracy to

27
—*k, keZ.
i

Subsequently, we shall assume that the number §2; was chosen in such a way that
argz(n + 1) = argz(ny) + i Th. (4.14)

Now we shall proceed to constructing the canonical atlas on the manifold (4.3) and a
set of functions (3.8) corresponding to it. It should be reminded that a point r(z) € A?
is called non-singular, if rank )jdg/8t|} = 2 at the point. On the other hand, a point r{1)
is called singular (focal). Similarly, if a neighbourhood £ C A? consists of non-singular
points, then such a neighbourhood is called non-singular. Otherwise, we have a singular
(focal) one.

In the case of the family A2(w) of the type (4.3)—(4.5) the set of all the singular points
T C A%(w) at which the rank of the matrix

— (éi 0 Gb)
0 01

is less than two consists of the points T = {r(z) € ANw),7 = (¢}, U ). n €
(0, 2n]} where rii are zeros of the finction 41ty ), i.e. ¢y (tf‘) = Ry. The projection 7r,(I)
of these points onto the configuration space IR; forms the caustic m,(X} = S} USL made up
of the two circles Sj: ={(g),q1 = Rs.q2 =0, ¢ € {0,271}, The closed curve A!(Eo, Ip)
lying on the coordinate plane (p), 4;) is oriented counterclockwise and, for definiteness
sake, assume that 7, < r,"" <17 < 71+ T, Ro < R.,.. Cover the curve A'(Ep, Ip) with
the four neighbourhoods V;, j = 1,4 as shown in figure 1. Then the canonical atlas on
A?(w) may be made up from four neighbourhoods of the type & =V, x{n} n €l0,2x].
With such a choice, the neighbourhoods €21, £2; are non-singular, and the neighbourhoods

Q3, §24 are singular. The ordered set of the phase space coordinates y = (g1, pj), where
I = {2.3}, correspond to the neighbourhoods Q;, j = 2,4, since in this case

=rank(é] 0 ¢) =2,

g
3t

dq
rank ” r

6 01
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A INT A

W

f-\
N7

-
1 *
Ty

D e — —
:D‘r--—--——————--

Figure 1. The canonical attas on A!(Ep, o).

Now we shall give the explicit expressions for functions (3.8). Having omitted simple
but rather cumbersome calculations we write out the final results. For the functions
|v, 7/ (¥)} corresponding to the non-singular neighbourhoods £2;, j = 1,3 we obtain

: 1 i o
@ ={(Fammee; f 2@

T
X exp [Iu¢+ (E — Eoyry + 1 Re 2 %])Eu(fh, r1)} @)
z(11) 7=t{ (q1)
where the functions E,(g2, T1) are of the form
1 i \VY e-iv@rgzin)) " a2
2, ,r)=_(_) e~a/ZRlz(e)P] gy (____) 4.16
vig2 NOTRWEY RN ETTEN) VA|z(m) @16

Here H,(£)} are the Hermite polynomials. The integral in (4. 15) is taken along a path on

AY(E,y, Iy) oriented counterclockwise with the origin in the point 7, € V; and the end in the
point Ty € ¥, j = 1, 3. The function r]" (q1) is the solution of the equation ¢1(7{ (¢1)) = ¢
in the non-singular neighbourhood V;. To construct states (4.15) the functions

; zjj(ql) o(+
d@=p- [, A0
7

were nsed.
In the case of the focal neighbourhood £;, j = 2,4, the corresponding functions
v, T/ (y)) are

. 1 T
v, (g = [(W exp = [/;-:. pi()dgi () — PiCIl(fl)]

X exp = |:Io<0 +(E—Eo))ni+ 3 R wg l))qz} )»':«‘w(QL ‘n)]

n=ty (1)

4.17)
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Here, as in the previous case, the integration is carried out along the oriented path on
AN(Eg, Iy) with the origin and the end in the points TieViand 7y € Vi, = 2,4,
respectively. The functions 1:]" {p1) satisfy the equations p; (rlf {p:)) = p1 and as the version
of the functions r,;,’ (y), the functions

] (Pl) &
Yy =¢-— [c A () dr
1

were taken.
Note. To derive formulae (4.15) and (4.17) we have used the identity ¢(z/(3)) = ¢,
whose validity follows from the definition of the functions z/(y) and (4.8) for all ;.

5. Quasi-classical spectral series of the Dirac operator corresponding to the family of
invariant Lagrangian tori A%(w) with complex germ r3(A%(w))

The results obtained in the previous section enable us to proceed to constructing the

quasi-classical spectral series [WE,,(g,%), Ex, ()] of the Dirac operator corresponding
to the family A%(w) of type (4.3)<(4.5). Since A%(w) contains focal points, then (see
Introduction) to construct the asymptotic solution as a whole (including the caustic and
the region of a ‘shadow’) it is first necessary to find the asymptotic modulo O(%*?)
solutions W E(q 1) of (1.3) in each region m,(£2;) of the configuration space ]R3 Subsection
5.1 is devoted to solution of this problem. Below we restrict ourselves to considering

only the leading terms \PJE(q,h) of the local asymptotics \Ilé(q,?:) from which a multi-
valued function Wg(g, ) (defined everywhere in Rg) is matched in subsection 5.2. As a
result, we construct a canonical operator with complex phase on the family A%(w). For a
canonical operator to define a single-valued function W g(g, &) it is necessary to impose some

additional conditions. These conditions lead to quasi-classical quantization conditions for
the family A2(w) and are considered in subsection 5.3, A series of asymptotic eigenfunctions

W, (g, k) constructed in this way satisfies condition (1.5) and it is made up of the functions
localized at i -+ O in the domain of ‘light’ rrq(Az(aJ)).
5.1, Local asympiotics of the Dirac operator

We begin with a review of some facts of the theory of the Weyl-ordered Rl
{pseudo)differential operators. Let L = L(-ird ,g.h) be a Weyl-ordered A~!-
(pseudo)differential operator in the g-representation possessing a symbol L{p, g, %), then
the action of the £ operator on the function ¢(q) is defined by the formula

q9+§
(znh)nf[dédpexpf: {p,(q - f)}] ( > ,ﬁ)qa(.f} (5.1.1)

where » is a dimension of the vector g. Introduce a direct and inverse %~!-Fourier
transformation with respect to variables g;

Log) =

1 Lo ar )
FIL 0@ = Gt f dg; 5?19 o(g) = dlas, p1) (5.12)

Fo i ®a, pp) = f dpretialo(qr, ppy = 0(g)  (5.13)

(27 m)ka
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where k is the number of components of the set /. Then the Weyl-ordered operator
L= f.(—ihay, ¥, k) in a mixed y-representation, where y = (g, pj) is given by

L(~irdy, y.n) = FI' | L(—ihd,, ¢, WF;2., . (5.14)
Allowing for equations (5.1.1)—(5.1.3) it is not difficuft to show that the operator i in the

y-representation may be obtained from the operator L in the g-representation by a formal
substitution —ikdy, — py, g7 — ihdy,, ie.

L(~indy, y, 1) = L(~ihd,,. pj. 1, 1h3p,). (5.1.5)

Transition into a mixed y-representation enables one to construct a class of asymptotic

solutions of (1.1) in the form of the %~ -Fourier transformation with respect to part variables
5l o

(g, 1) = F; Vs (y,B) (5.1.6)

where the function Wg(y,#) is an asymptotic modulo O@>?) solution of (1.1) in the y-
representation

[An(-ikdy, y,B) — E1¥(y, h) = O@*?). G.1.7)

Later on, furction (5.1.6) describes a local asymptotic solution of (1.1) in the region of the
configuration space ]R; onto which the neighbourhood §2; C A? is projected. The Weyl-
ordered operator Hp in (5.1.7) is obtained from the operator I§'D according to rule (5.1.5).
We analyse the operator Ap in some detail.

Eet Cartesian and curvilinear coordinates of configuration space Rg be denoted by x =
%), g = (%), a,a = 1,2, 3, respectively. Introduce three vectors e, = (eg,& =1,2,3)
with components ¢d = 3x%/8g°. Then, the Weyl-ordered Dirac operator Hp may be written
in the g-representation as

Hp = Hy + hH (5.1.8)
" c - ~ ~

Hy = —Ea“(egPa + Pyed) + psme? + eAq .19
A=, (5.1.10)

where py and @ = (a®) are the Dirac matrices in the standard representation, B, =
ihd/8q% — (e/clA,, € = —eg 15 the electron charge, (4yg, A,) are potentials of an external
electromagnetic field.

The main symbol of operator (5.1.8) is the Hermitian matrix of the form

H(p,q) = caP + pymc* + eAo (5.1.11)

where P = (P;) and P; = ef(p.+ ;"’Aa). Matrix (5.1.11), as pointed out in the intreduction,
has two doubly degenerate eigenvalues

AD(p,q) =edote & =+vIP?4mich (5.1.12)
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The eigenvectors correspanding to these can be combined into two 4 x 2-matrices IT+(p, q)
which, at solutions p = p(r), ¢ = ¢(t) of the Hamiltonian system (1.2), take the form

n (r)____i__(l-i-y—l)
T 20y \ 0B

(5.1.13)
N_(r) = S ( o )
TR A (R G

where y = &/mc?, B = 1§ = le,4°. Matrices (5.1.13) satisfy the orthonormality and
completeness relations

T g = dge SN =1 §=:%l (5.1.14)
£

In addition, it is not difficult to prove the following identities:

(o, MMz = £M.(B, m) + N{d, m)

1

where m is an arbitrary three-component vector.

) _-1_ (o, B xﬁ,n) £ y{B, B,TJ;)
a_rkni_zn* 14 -1 :an*(a’ (ﬁ 14+ -t +ﬁ”*)>.
k=1,2. (5.1.16)

We now proceed to construct asymptotic solutions of (5.1.7). The solution is searched
for in the class of functions

Bz (y, 7)) = Te(y, (@), 2y, ) (5.1.17)

in the form of the following asymptotic expansion in powers of #

2 n n
Feom) =) AL IT PO+ @ T 0,8) (5.1.18)
n=0

where the functions 7;(y) and t2(y) were defined in (3.2). Denote by Y,f the space of
the square-integrable scalar functions for which the following asymptotic estimations are
fulfilled on R}

ay=0@""  Ap,=0@®"
(—ind, +8)=0®  k=1,2
F o i' 3 ﬂ i =
% = {No@)exp( 750, 1)) 37 Cel®) 7 N=0,1,...

Je[=1
K EZE:_ €| =1+ k2 + k3 (5.1.19)
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where S(y, ) is defined in (3.4). The equality £ = O(ﬁ“) a > 0, implies that for the
operator F inthe space Y’ the following condition folds true: ||| /el = O@*)y Y :p e

Yﬁ’, where || - [lz, = m Then it is assumed that the two-component spinors J
in (5.1.18) may be represented as J’(i)(y,ﬁ) = v(T)p(y, k), where (¥, h) € Y,‘f and the
spinors v(t} (vT(r)u(r) = 1) are to be determined.

Introduce the operator A ﬁy = —ihdy — py(7). In the class of functions (5.1.17)5.1.19),
the action of the cperator A E':y can be conveniently represented in the form

2 2
Apy=Apy+ Y BT (=iRdy + &) — > (By7)kk (5.1.20)
k=1 k=1

which altowing for (3.5} and (5.1. 19), enables one to give an asymptotic estimation for
. Now we expand the operator Hp in a neighbourhood of the mamfold A ={(p.g):

p= p('r), g = g(t)} in the Taylor power series over the operator A p py and Ay up to second-
order terms. Then, equation (5.1.7) turns out to be equivalent to the set of conditions

[ i Z(Hp,(r), 3 rk>— +H@) + AR @) ~ ]‘UE()’,TI) oY) 5.1.21)
k=1
&, Vg (y, ) = O(R) k=12 (5.1.22)

Here and below A = §! +1 32 and the expression 3“2(1:), k = 1,2, implies the kth term in
the Taylor pOWErF expansion over the operatprs Ap py and Ay of the Weyl-ordered operator

L = L(—ind,, v, #) with the main symbol L(py, y) = L(p,q) in a neighbourhood of AZ2.
The spectral parameter E in (5.1.21) is given as

E = Eg+AE) + O®Y) (5.1.23)

where Ep = A Aw). Substitute (5.1.18) and (5.1.23) into (5.1.21} and consider the
expression at I1_(r). By combining the terms of order #°, Y2, and %, respectively, we
obtain the following chain of conditions:

'_J__ 1, lfzg E(__ 1*;.1. -:.[.J.H_)
i =0 J?:EEQ ¢ JE>=-2;(Q FP 40,7 (5.1.24)
where the operators é, and éz are of the form

2 LI 2 2
R20, = 11t Z(pr(r), &yt Mear + cld, 8 P) (5.1.25)
k=1

2 nl?2 2, @ z L5 2, =

th = E - nf ;(pr(r)v ayrk}n—ak b (q, 8 P) + ed AQ) Q!

2 a - a
IS (H,, (0), Byn(—ihdy, + &1L, + §<d. $P) + I H (D)1
k=1

(5.1.26)
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Additionally, the condition

aGdP =0 k=12 (5.1.27)

is assumed to be fulfilled. Then allowing for (5.1.24)~(5.1.27) a similar treatment of the
expression at () in the left-hand side of (5.1.21) results in the equation for the spinor

TP, m):

2
. o ] 1 .= e
l: - IRI'II E {(Hp, (1), 3,,‘:;()6—.5:-1'[.;. + 5{‘1, 82pP) + 562.:40 -+ hl'lIH;(t)l"I+ —hE,

k=l

2 . s 20>
+%(+ I} Y (H,, (7). 1) -y +cld, s’P>)<d, SIP)}J‘E"(y,h) =0.
k=1
(5.1.28)

After further simplification, in view of (3.2), equation (5.1.28) takes the form of the Pauli-
type equation:

[(—iﬁa,, +30 — By — ihair lng(m)/* +hio, B(r))] FHe.m =0 (5.1.29)
1

Here, the operator if,"') was defined in (3.10), g = det(n.s), where n, = {e., ey is
a Cartesian metric on Rg in curvilinear coordinates (¢%); and B(z) : RZ — R? is the
‘polarization’ vector equal to

B(r) = 2 (H(r) -

MT—)) (5.1.30)
2e

14yt

In (5.1.30) E(t) and H(r) are the eleciric and magnetic components of an external
electromagnetic field.
Assume that

}f»}”(}',h) = g(0) "y, T(M)u(r) (5.131)

where v(t) is a two-dimensional spinor which is to be defined. Then, taking into account
(3.11), one obtains the following equation for v(z)

(—ii + (o, B(r))) () =0. (5.1.32)
3‘1:'[

Finally, it should be noted that (5.1.27) follows from (3.9) and (5.1.31). Whence,
allowing for (5.1.24), the validity of (5.1.22) is obtained. As a result, the task of constructing
the asymptotic solutions @E(y,h) of (5.1.7) is reduced to solution of the ordinary linear
differential equation (5.1.32) with respect to the variable 7; (the variable 13 is considered as
a parameter) with a subsequent substitution of the functions v = 7(y) (3.2) into the solution
obtained.
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Now we write out an explicit form of functions (5.1.18). According to (5.1.24) we have

- 1 2 % %
Wy, b} = [H+(r) + El'l—(r)(ﬁle +ﬁQ2)] TPy, 1)

1/2

R 2 7L 3
+h'2 [m(r} + Tsn_(r)Ql] TP W +RL@TP(,8). (5.133)

n
Thus, solution (5.1.33) contains the two arbitrary spinors J E;_-'I'](y, i), »n =1, 2, which can be
found from the following (mod O(%/?)) approximation. According to (5.1.31) the leading
term of asymptotic (5.1.33) is

ey, n) = {g(v) L (Du(@)y, 1)} (5.1.34)

=7(y)’

In conclusion it should be noted that if in case of scalar equations (e.g. the Schrédinger
or Klein—-Gordon equations) the asymptotic (mod O(%*?)) solution and its leading term
coincide, then in the case of equations with a matrix Hamiltonian it does not occur, as
is seen from (5.1.33) and (5.1.34). The fact that there are two arbitrary two-component
spinors in the asymptotic (mod O(%*2)) solution (5.1.33) is not accidental and reflects one
of the characteristic features inherent to the matrix equations [8]. This condition essentially
complicates the matching procedure of the local asymptotics (5.1.6) in an attempt to obtain
an asymptotic (mod O(#*'%)) solution of (1.1) which is uniformity valid everywhere in ]Rg.
However, as will be seen below, to obtain the quasi-classical quantization conditions it is
sufficient to resirict oneself to constructing only the leading terms (5.1.34).

5.2. Maslov canonical operator on the family of Lagrangian manifolds with complex germ
corresponding to the Dirac operator in axially symmetric external field

According to the general Maskov theory [3, 6] in order to construct unified regular quasi-
classical asymptotics (defined in the whole configuration space) it is necessary to build up
a special operator which, in the case of incomplete-dimensional Lagrangian manifolds, is
known as a canonical operator with complex phase.

Here, we shall restrict ourselves to a special class of invariant Lagrangian manifolds
A%(@) introduced in section 4. In this case the procedure for constructing the canonical
operator is essentially simplified and will be, in fact, reduced to the well known construction
of the canonical operator with real phase on the closed curve Al(Ey, Iy) [3,9]. We show
below how this can be done.

Define a suitable partition of unity submitted to the coverage {V;}. j = 1,4 of the
closed curve A'(w), @ = (Eo, Ip), i.e. a set of C®-functions ;(z;) such that

4
suppe;(n) C V;, ) _ej(m)=1  forall o
J=t

The two arbitrary neighbourhoods V), and V;, possessing a non-empty intersection are chosen
from the set {V;}. Let the neighbourhood V; be singular and V;, non-singular. The Maslov
index of the pair of neighbourhoods (V;,, V},) is, by definition, the number

(5.2.1)

y(Vy, V) = (inerdex%(rl))

T EVJI nVn
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where, in addition, an assumption is made that y(V;, V},} = —y(V,, Vi), Let l('?:;,r,)
denote the path on A'(w) oriented counterclockwise along which the integration is carried
out in (4.15) and (4.17). Let V},..., ¥; be an ordered chain of neighbourhoods in which

the path ! (%1, 1) lies with %; € Vi, r1 € V;. Then, the value equal to

yill@L )l =y (Vi V) + ...+ ¥y (Vie1, V) (5.22)

has the meaning of the Maslov index of the above chain.

Let F(7) = F(o(r), 1) : R2 — C* denote a smooth finite vector function where the
function @{r) was defined in (4.8). Then, in view of the note at the end of section 4 we
shall have

F(r)lrrcl(y) = ‘7:(‘0’ rl)lr,:r,’(y)‘

Introduce into consideration the local pre-canonical operator K 2¢)(£2;) which acts on

the functions F(1):

(i) in the case of non-singular neighbourhoods £2;,, j»=1,3

(K a2y (@p)IF (1)) = (c%"”'ﬂ[“""')]!va u) Fle, Tn)) . (5.2.3)
u=yt g
(ii) in the case of singular meighbourhoods 2;, j1 = 2,4
1 in © ' -
Ko @IF@N@) = <= [ apr {eFmiCreizngy, u) G, w)
! —2nik n=1(p)
{5.2.4)

where the functions |v, 7{*(g;)) and |v,7)'(p1)} were defined in (4.15) and (4.17),
respectively. The pre-canonical operators introduced in this way satisfy the following
important property: for any pair of the neighbourhoods €2, and Q,, in their overlap region
the following equality is valid:

(K p2y @IFENG) = Brzy @IF@ON@) +0R) g € mp%y, N1y,
{5.2.5)

The proof of this statement is based on the stationary phase method and given in appendix 1.

By means of the operators X 2¢,{52;} and a partition of unity ¢;(z1) submitted to the
neighbourhoods ¥V}, j = 1,4, we shall build up the operator X A%(w) Whose action on the
functions F(t} is defined by the rule

(Kol FEOD@) = Y _ (B2l (1) F (0)(@)- (5.2.6)

J

The operator K2, is called the canonical operator on the family [A%(w), r*(AZ(w))]. In
view of (5.2.5) it can be shown that the canonical operator with an accuracy of order O(f),
first, does not depend on the manner of partition of unity {¢;} with the fixed atlas {2/}, and,
secondly, does not depend on the choice of the canonical atlas itself on A2(w).
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For further convenience we shall introduce a set of functions of the form
®y(r1, g2, 9) = (exp - [qua +(E - Eoyni + 5 I Re w((;‘)) qi]) Eu(a2. )F (@, 1) (52.7)
where E,(gz, 7;) were defined in (4.16), Then, relation (5.2.6) may be rewriiten as follows:
(K 2@ [F(T)g) = (Kare[Po(T1, g2, ©)1)g) = Z(Km(w)(‘/j)[d’u(ﬁ, g2, 9){g}

i

-5 [explql (}:)lf;;‘“) exp (g— fr P dgy (z)) Pl 22, w] l

fl:‘lb(m)
exp 2 yJ'I) € (m1)
*2 e { EXE
X exp [%(j; n)da (1) + PIAQJ)jI D (11, 92, @)] (5.2.8)
7 n=t{'(p1)

Note. It should be emphasized that in (5.2.8) the parameter 1, takes on the values on
the section 1?1 Snu<nu+ T;. Whence, the following restriction on the choice of the
functions 7{*(g;) and 7' (p1) is obtained: T < ' (p) € 4T, T < o (q1) € T+ T

It is curious to note that in (5.2.8) the construction of the Maslov canonical operator
with real phase X1, on the family of closed curves A!(w) is explicity present [3,9]. This
fact is likely to be due to a special choice of the class of invariant Lagrangian tori A%(w).

Now, if we avail ourselves of the familier property of the §-function: 8(x — x(¢)) =
a(t = t(x))/[x(¢(x))|, where the function #(x) obeys the condition x(t(x)) = x and take
that

arggi(n) = T[T, )] (5.2.9)
arg pi(m) = 7y, 1Ty, )] (52.10)
then, it is not difficult to obtain the following equivalent representation for (5.2.8):
§I+TI

(B nsion [ FDg) = fr dr, ¥ (g, 71, )

1

%H-Tz : T
= g d‘rl[(61(1'1)+€3(r1))\/é](‘51) exp (hlj{; J214) dq:(t))
X 8q—q(nhH+ Eﬂzﬁ%ﬁ—%‘@\/ BT
X exp (]T:[f% @l dai () + pi(tig - QE(TI)J])}(pu(fla q2, ¢).

(5.2.11)

Consider the action of the canonical operator X a2 (5.2.11) on the function F(7) =
(g{n )™ ’/41'I+(r}v(r), where I1.(r) and v(r) were defined in (5.1.13) and (5.1.32),
respectively. Assume in this case

& II '?H-Tl °
Yelg,h) = (KAzcw) [ﬁ:;—?g‘—)]) (g, %) = f% dz Y elg, 1, ). (5.2.12)

Then, for function (5.1.12) the following properties are true:
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(1) The function \Ei e(g, k) is localized in the classically allowed region, i.e. in the
domain of the projection of A%(w) onto configuration space R. In particular, it decays
exponentially with respect to the variable g; and has the form of the Gaussian wavepacket

cenired at the point g2 = 0. The asymptotic behaviour of the function Wg(g, %) near the
caustic and in the region of ‘shadow’ is presented in appendix 2.

(2) At the points g € m,(A%(w)) (the region of ‘light’) the function W (g, k) behaves
as follows.

() X g = {(gi(11), g2, ¥). 71 € suppe;,, T7 & suppe;,}, then the function Wgig,n) is
the combination of the functions (5.2.3) and, according to (5.1.6) and (5.1.34), describes
the leading term of the local asymptotic solution of the Dirac equation in the region of the
configuration space onto which the non-singular neighbourhoods £2;, are projected.

() If ¢ = {(q1(r1), 42, @), T1 € SUpPe;,, Ti ¢ suppey), then the functions Wz (g, &) is 2
combination of the functions {5.2.4} and describes the leading term of the local asymptotic
sclution in the region of the projection m,(£2;,) of the focal neighbourhoods £2;,.

(iii) If ¢ € m,(2,) N7, (82;), then the function We(g, k) contains, at first sight, both
types of functions (5.2.3) and (5.2.4). However, according to (5.2.5), they merge into each

other (at least with an accuracy to order O(%)) in the transition region where £2; and Q,,
overlap. If one allows for the fact that

4
Zej (=1 for all 7,

i=1
the canonical operator K2,y ensures a correct matching of the local asymptotics.

Note. Independence of the metric determinant g = det(n,) on the parameter > in
(5.2.12) follows from the cyclicity condition of the Hamiltonian function (5.1.12) with
respect to the variable ¢ and from (4.8).

5.3. Quasi-classical quantization conditions of family [A%(w), r3(A%(w))]

Formula (5.2.12) obtained in the previous subsection for the function \i‘g(q,h), ard which
gives a locally maiched asymptotic solution of the Dirac equation, does not depend (with
an accuracy to order O(%)) on the choice of the canonical atlas on A2(w), the choice of
the representation in the region of the neighbourhoods intersection, or the partition of unity.

However, as is seen from (5.2.11), it depends on the choice of the initial point 7, on the
closed curve Al(w). It is natural to require independence of construction (5.2.12) on the
choice of the ‘time origin’ 7, which is automatically fulfilled on condition of T}-periodicity

of the function li’ £(q, 1, ) with respect to the variable 1y:
Welg, Tt + T1,h) = Welg, 11, A). (5.3.1)

Also, the function v e{g, Ty, &) should satisfy the 2sr-periodicity condition with respect to
the variable ¢ mod 2x

Welgi, g o+ 27, 0, h) = Velg, 11, A). (5.3.2)
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Under these conditions the canonical operator Kj,:,, defines the single-valued function

&f e(g,f). In addition, from (5.3.1) and (5.3.2) the quasi-classical quantization conditions
of the parameters o = (Eq, Ip} of the family [A2(w), r*(A2(w))] result.

The foliowing commentary proceeds to derive these conditions.

As follows from (4.8} and (5.1.30), the dependence of the polarization vector B(t} on
the arguments 7; and 7, is generally such that B(z) = ﬁ(qo(v:), 7y). Also, the 2r- and
T;-periodicity conditions are fulfilled: B(p(t)+2x, 11) = Blo(z), 11), Blp(r), 11+ T1) =
B(p(t), 7). Therefore, the vector function ﬁ(qa(r),n) behaves as a doubly periodic
function with respect to the variables ¢(r) and 7;. Later on it will be assumed that (5.1.32)
permits a set of two linearly independent Floguet solutions v, (t) = oy (p(r), 1), § = 1,
such that

v (p(t) + 2m, 1) = vy (p(7), ™) (5.3.3)

(), m + T) =74 (p(), 1)  Imw} =0, (5.3.4)

ﬁg*vr = 8;;-’ ZU;-UF; =1. (53.5)
4

_ Note. The above assumption for the vector B(z) is also valid for the matrix I1,.(7) =
Ty (), r1).

The phase increment of the functions ./¢;{%;) and /p) (%)) are left to be found while
going around the closed path A'(w) counterclockwise. According to (5.2.2) we have
yj[l(%l,t] + )] = }’j[l(%l,rj)] + y[Al{w)]). Since in our case y[A(w)] = 2, from
{5.2.9) and (5.2.10) it follows that

Vaim + ) =" Vqi(m) Voo + ) ="/ phm). (5.3.6)

Now, it is not difficult to obtain the conditions when (5.3.1) and (5.3.2) are valid. Allowing

for the explicit form of the function 1,7! e{q. 11, /) and (5.3.3), relationship (5.3.2) leads to
guantization of the momentum integral Ip:

Io=h  I=++1,+2, ... (5.3.7)

Making use of (4.14), (5.3.4) and (5.3.6), relationship (5.3.1) results in the following
condition

N
f pr(t, Eo, Igu (e, Bo, To) dt + AT {Ey — (v + 1) — @i} = 22h(n + 1) + O(R?)
4]
(5.3.8)

where n = 1, £2,...,v=0,1,2,...,¢ = Z%1. Equation (5.3.8) obviously holds, if the
parameters Eg and E, are defined from the conditions

1 ph .
- .[o p1(t, Eo, Io)in (r, Eo, o) dt = h(n + 1) (5.3.9)

Er=2(v+ ) +of. (5.3.10)
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From (5.3.9) and (5.3.10) together with (5.3.4) one obtains, with an accuracy to O(#?), a
spectral sequence of the energy levels

Eni(h) = Ent (B) = EQR)Y +REL}, () + OGH?). (5.3.11)

The quantum numbers [ = I(ft), n = n(h) and the parameter i should be tied by the
conditions:

1
limRi(R) = I LimAn(h) = — )
Lim ) =1 lim n(h) = Mwﬁlmm dg,

In this case the series of eigenvalues (5.3.11} in the limit at # — 0 corresponds to a
relativistic electron moving along the classical trajectory confined to the invariant torus
AYEE, Ig') with given values of energy ES' and momentum Ig‘.

1t can be shown also that in expanding in % with an accuracy to O(#2), conditions (5.3.9)
and (5.3.10) are equivalent to the quantization condition of the speciral parameter E of the
Bohr-Sommerfeld type:

i

— T
t,E Ndg(t, E, Iy = —{82 1 5 % 1
IR Do reniy pi( )dan{ ) 271'{ v+ D+ i)+ (@ + )

(5.3.12)

where E = Eq+hE| +O0®?). Equation (5.3.12) represents the basic result obtained in this
subsection.

We should point out the presence of the half-integer addition -;- in the quantization rule
(5.3.12). Its appearance is due to the occurrence of the non-trivial quantity y[A'(w)] =
ind Al (w)—the Maslov index for the closed curve Al(w). It is well known that in the
case of the family of complete-dimensional invariant tori A® the quantization conditions
contain the Maslov indices of oriented closed curves forming a basis of one-cycles on
the manifold A" [8,9] (see also [2,18,19] interpreting the Maslov index). However,
unlike the complete-dimensional case the Maslov index may be formally excluded from
the quantization conditions of the family of incomplete-dimensional tori A*, ¥k < n. In
support of this statement consider an example. In (3.3.12) the characteristic Floquet index
£, and the main quantum number n(#) are defined in the following way: € = & —-27/T,
n(f) = n{h) + v. Then (5.3.12) is rewritten as

1 T - o
mﬁ: pidq = 5—;—;{9:(!)+ 3+ @)+ A®) (5.3.13)

where, unlike (4.14), the characteristic Floquet index €, is now normalized by the condition
argz(ny + Ty) = argz(z) + 1 Ty — 2. (5.3.14)

So, let conditions (5.3.7) and (5.3.9} be fulfilled. Then, at each fixed % the
family of invariant Lagrangian tori A%(w) with complex germ r3(A%(w)) is quantized,
i.e. there appears a discrete set of geometric objects [AZ(ws,), ¥3(A%(wy )], where
Wy = (Eﬁ?}(h},hi(h)). On each of them the canonical operator Kz, ) with complex

phase is defined. Making use of them according to (5.2.12) a set of asymptotic
eigenfunctions ¥g, (q,R) = Wg,,,.(¢,h) corresponding to the series of eigenvalues
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(5.3.11} is constructed. Thus, the quasi-classical spectral series of the Dirac operator
[WEg,, (g, ), Eny(h)] comesponding to the family [ A%(wg,), r3(A%(e0,,))] is obtained.

From property (I} of subsection 5.2 it follows that each function ‘E’E,.,,_..,; (g. %) is
localized in the neighbourhood of the torus projection A%(w, ;) on Rg, Also, we should
make sure that, at a suitable choice of the normalization factor Ny, they satisfy (1.5) and,
in this way, form a complete orthonormal set of states. Omitting unessential details, only
the key features of the proof will be given. It is not difficult to check that the functions
By, (g2, 1) (4.16) obey the relation

f dg2 Evlgz, 11)Evulgz, 71) = 8uw (k)2 (5.3.15)

and make vp a compiete set. The latter follows essentially from the completeness of
the orthonormal set of the Hermite functions U,(§) = ¢, exp(—§%/2)H,(¢). Using the
stationary phase approximation (5.3.5) and (5.3.15) one obtains

(WEN'J’ | Wy, o = Ng[zx(nh)lﬂaﬂ’auwaif'
T
x dri{(e) + €3)* + (e2 + ea)* + 2(e) + e3)(e2 + el F 25 1 O]
0

(5.3.16)

Since

4
Zej(n) =1
i=1
the expression in the curly brackets in the integrand is identically equal to unity. Also,
when the quantum numbers coincide I =V, v =/, t = ¢’ we have
3 E(o)(h)
AE =h—""(n~n")+ 0@, 5.3.17
Sy~ )+ O (53.17)
But from (5.3.9) follows BE,‘SE (R)/o(hn(h)) = 2n/T;. The proof of this relationship is
given in [7].
Thus, equation (5.3.16) takes the form

(Wey, | Wy, )o = N2 Y2028y w80 + OGN (5.3.18)
from which at No = [2T;7%21/2]71/2 follows the validity of (1.5).

6. Quasi-classical spectral series of the Dirac operator in specific configuration fields

In this section we shall consider two examples of the three-degree-of-freedom relativistic
Hamiltonian systems allowing families of two-dimensional invariant tori. The first one
deals with a completely integrable case of the motion of an electron in the Coulomb field.
Since the eigenvalues problem for the Dirac operator in the Coulomb field is solved exactly,
with this example, by comparing quantum numbers, it is possible to separate that part of
the exact spectrum to which an electron motion along the two-dimensional Lagrangian tori
corresponds,

The second example refers to the case of a partially integrable system which describes
the motion of a relativistic electron in an electromagnetic field with axial symmetry. The
above system permits a family of two-dimensional invariant tori surrounding closed orbits
of stable periodic motions.
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6.1. Quantization of invariant two-dimensional Lagrangian tori in Coulomb field

In the Coulomb field with potential Ag = &/p, @ = Zeg the Hamiltonian is
WD, q) =~ =L+ e +p7pp 4 o7 sin O ki) = S be (61

It is well known that in satisfying

A>0 B>0 C>0 B > AC 6.1.2)
where
E2 E 2.2
A=mc?-=% =22  c-_p-1% (6.13)
[ [ [

the Hamiltonian system (1.2) permits a family of invariant two-dimensional tori. They lie
in the coordinate plane 7 = {(p,g) : pg = 0,6 = =/2} and have the form of (4.3)-(4.5)
where

e _
N(E0 10 = {0y )1 =22 4 e} 4 0720 412 < Bo . (614

The projection of A%(Ep, Ip) onto configuration space defining the classically allowed region
lies in the equatorial plane and forms a ring bounded by two caustic circles

SL(Eo, o) = {(p.6.¢): p = Re(Eo, ), 6 = m/2, ¢ € [0, 2]} (6.1.5)
where Ry are the classical turning points (6(Ry) = 0):

/B — AC
—

Further, it is convenient to express the energy Ey in terms of adiabatic invariants which,
in our case, are

B
Ry = 2 + (6.1.6)

1 2
Iv-i}";\L Pwdq’—fo

(6.1.7)
lfR’* B
I,=— dp = — —+/C.
A ’ Va
Then, we cbtain
-2
2.2
Eo(lp, Iy =me® | 1 + ¥ % (6.1.8)

7
cz(Ip+\H§—%ﬁ§'

Performing the differentiations with respect to 1, and [, one can find the radial and orbital
frequencies, respectively:

w, = 8Eo/81, = A*? /(weym?) (6.1.9)

wy = 8Eg/31, = Ipw,/C. (6.1.10)
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According to quantization conditions (3.3.7) and (5.3.9) we should take adiabatic invariants
(6.1.7) to be given by

I, =Ri(R) I, = h(n(R) + 1), (6.1.11)
Whence, due to (6.1.8), we obtain the expression for the leading term of the energy spectrum

EQR) = Eolh(n () + 1), Bl ()]
—1/2

2,2
aey

= 2
¢ (h(n(ﬁ) +h+rrm - 22 )

‘;(Fz) defined in (5.3.10). In our case the

(6.1.12)

‘We now calculate the energy correction EW

nl.v,
reduced system in variations {4.11) has the form
d & [0 -I? w(z)
—_— = 0. 6.1.13
o wm (1 ¢ )HGE) 6113
Using (4.12) one can obtain the expression for the Floquet solution z{1)
&if n Q2
z(n) = —=ex (il j; —-——dt) ¢ eR. 6.1.14
VETE T e

For the characteristic Floquet index which can be defined from (4.13) and {4.14) we have
ID fT] C2
Q== —— d7} = wy. 6.1.15
Tk @ T @112
Here T is the rotational period along the closed curve A'(Ey, Iy) equal to

2 fR
T =Eif dp—s_zg—c=i—”. (6.1.16)
o yAr T e
Define now the frequencies ], { = %1, due to the interaction of the electron spin
with the external field. In the Coulomb field polarization vector (5.1.30) is equal to
B(1y) = (0,0, B(r1)), where B(t)) = aeoc?lp/[262(1 + y~1)p%(11)]. In this case (5.1.32)
permits a set of two Floquet solutions

7
ve{T1) = exp [ —i¢ |, lB(n)drl}u,; {==1 6.1.17)
T

where
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From this we obtain the expression for the characteristic Floquet index

c_ 4" _¢ I
&JC = F[][; B(‘ﬁ)dt’] = Ewp (—1 + ﬁ) . (6.1.18)

After substituting (6.1.15) and (6.1.18) into (5.3.10) we have E\; , .(8) = wolv + 3(1 +

miut

£} — (¢ /2)w,. Hence, using (5.3.11) and (6.1.12) we find the following expression (with
an accuracy to O(#?2)) for the quasi-classical energy spectrum

Eniv(B) = EolRfn() + (1 — O} AI®) +v + 1(1 + DN+ 0@
-1/2

2,2
o’eg

252 z
2 (h {n(f:)+%_(1—<:)}+\/:‘12 {l(fl)+v+%(1+§)}2—5§’-)

=me? |1+

+ O(%). (6.1.19)

The formula obtained allows us to establish a correspondence between the quantum
numbers of the exact and quasi-classical energy spectra. Namely, let n, and n; denote,
respectively, the radial and orbital quantum numbers entering the explicit formula for the
hydrogen-like atom spectrum. Then, assuming the condition n, ~ 1/f, n; ~ 1/h we have

np=n+i(1=¢)m=1+v (6.1.20)

Thus, as should have been expected, at £ — 0 a highly excited spectral range both
with respect to orbital m; and radial n, quantum numbers corresponds to the motion of
a relativistic electron along the quantized two-dimensional invariant tori in the Coulomb
field. However, it is interesting to note, that despite the fact that (6,1.19) was obtained
on the assumption of great n(h) ~ 1/h, nevertheless, taking formally An(h) = O(h) (ie.
considering r to be small), we obtain the quasi-classical spectral series corresponding to the
motion of an electron along an equilibrium circle [7].

6.2, Asymptotic series of eigenvalues for the Dirac operator in axiglly symmetric magnetic
field with weak focusing corresponding to the motion of electron along two-dimensional
Lagrangian tori surrounding equilibrium orbits

Consider the motion of a relativistic electron in the inhomogeneous axially symmetric
magnetic field whose potentials in cylindrical coordinates (g, ¢, z) take on the values

Ap=A,=A,=0 A,

2- _ 2
= [1+'3(2 Q)Z—] 62.1)

T 2-gq 2 p?

where g is the focusing parameter, 0 < g < 1, and & = constant. The classical Hamiltonian
is

(+) {2 -2 e, V, 2, 22\
M pg)=clp,+p (pg, - ?A¢,) + pi 4+ mc (6.2.2)
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and, as follows from Hamiltonian system (1.2}, in the region of phase space T = {(p, ¢) :
p. = z = 0}, determines a family of invariant two-dimensional Lagrangian manifolds
described by a set of the canonical equations

.t . Py (P | eoc

p= EO'Pp Pp= p (E po + ——H( )) (6.2.3)
2

. C¢°F,

= Eop? Po=1 (6.2.4)

with the initial data 6(0) = pg, p,(0) = peo. ©(0) = 12(mod 2x). Here

=7-=2
Fo c2—gq

pq

is the magnitude of the magnetic field at the point p. Equations (6.2.3) and {6.2.4) can be
integrated by quadratures if we make use of the energy integral E2/c? = m*c?+ ,!.':'(,+p'21:'2
As a result, we obtain

172
B2 P(m1)
pp(‘rl) == (-522 — mzcz —_ qa_

(1)

_ et 7 Py()
p(t) = ?55.[0 _"p2(:) dt+

(6.2.5)

where the function p(7)) is implicity defined by the relationship

ﬂﬁ dp
- ED Pp(.ﬂ).

T =

The period T} of the function p(%)} is given by

Re(Bol) g0
T =2 f =2
R(EsDy € Palp)

where Ri(Ey, I') are the roots of the equation p,{p) = 0 at the given values of Ep and [I.

In a general case system in variations (4.11) corresponding to the family of Lagrangian
tori (6.2.3), (6.2.4) failed to be integrated. We shall restrict ourselves to considering the
Lagrangian tori surrounding equilibrium closed orbits of system (6.2.3), (6.2.4), and lying
in a rather small neighbourhood of the latter. In this case all the calculations are carried
out in an explicit form.

As follows from (6.2.3) and (6.2.4) the path of the electron in the plane xy 1s described
by the equations

B+ 2 = Y = LHOWF - (626)
]

P2+ %P = gt (6.2.7)
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where cf is the velocity of an electron motion. Introduce the following notation

A2
(po— R+ 22 (6.2.8)
@

£pC 1
Wy = 'ED—H(R) S—-'}—_\’

where

2
, . c
wa =+ 1 —gag, po=p0) = E—uPpO-

Here, wy stands for the revolution frequency of an electron along the equilibrium circle /g,
whose radius R will be defined below. The constant & characterizes the amount of small
deviations of the path (6.2.6), (6.2.7) away from /g, and below it will be considered to be
a dimensionless expansion parameter.

The solution of (6.2.6) will be searched for as a power series in &

p(t1) = R+ gp1(m) + &2 pa(my) + O(%). (6.2.9)

Inserting (6.2.9) into (6.2.6) we obtain, with an accuracy to order O(g?), the following
results

8 = woR (6.2.10)

2
p(ti) =R [1 +ecosd + &2 [—%chosze-l- QTH + Asin® -[-Bcose]}. (6.2.11)

Here, & = wat — o, where the angle « is assumed to be equal to

2
o =cos”! ((po - R)/ (oo — B + ::—g (6.2.12)
Y A)

and A and B are the integration constants, which are defined by choosing initial conditions
and, in our case, are

3 2 3
A=-—sinoz( -;qcoszoc+-g-g;-)

(6.2.13)

3+9 o 1
B——COSO!( 3 cosa—i .

To define the value of the classical energy Eg we shall use (6.2.7), (6.2.8) and (6.2.10),
Whence, we obtain

Eo = \/m2c* + HA(R)R2. (6.2.14)
In turn, from (6.2.7), (6.2.10) and (6.2.11), follows the expression for the function ¢(z;)

oln)=ap {1 —gcosf +&° [(2 - g) cos’8 — (1 - %) — Asinf — BcosG]] + 0.
(6.2.15)
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In the same way, allowing the angular momentum of an electron in the first equation of
(6.2.4) to be equal to I = I+ 1) where I = O(e*) and making use of (6.2.10) one obtains

b1 —g\V& 2
Ry = (-2 -4 (6.2.16)
CIU 2~ q
ZI _
il 1-9. (6.2.17)

BR - T2
Now, consider the expression for the leading term of the energy spectrum E,(f? ).
Inserting (6.2.11) into (5.3.9) we obtain, with an accuracy to O(&?), the following condition

I Ey

53 1— quge”R: = h(n+ ). (6.2.18)
By comparing (6.2.17) and (6.2.18) we find
I = =/l —qln + 1) (6.2.19)

From (5.3.7) and (6.2.19) it follows that [, takes on the quantized values

Lin, Iy =hl+h/1—gin+1). (6.2.20)

On the other hand, due to (6.2.16) and (6.2.20) we obtain the quantization rule of the radius
R(n, D) of the equilibrium circle Ig. As a resuit, we have

EQ®) = /mc* + GHHR(n, D)R(n, 1) 6.221)
where the integer parameters / = [(ft} and # = n{#) obey the conditions
: - ; © =
limhi) = 1 lim E2(R) = Eo.

In taking the second step of our considerations we wish to calculate the value of the
Floquet index ©; (see {4.13), (4.14)). For this purpose, we consider (4.11) for the vector

_ {w(m)
x() = ( z(11) )
In our case

0 Lo(m)H(p(n))

2/Es o ) . (6222)

X (T = G x () G(t) = (

We can now expand the matrix G(r;) in powers of & and restrict ourselves to the terms
of order £2. To construct the Floquet solution which satisfies (6.2.22) and (4.12} with
an accuracy to order O(¢®) we apply the perturbation theory. Finally, after simple but
cumbersome calculations we arrive at the following result

_ g(l1—g)2~q) 5 3
@ = /g {1 + -5 °© ] +Ofe”). (6.2.23)
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In order to determine the values of @] one needs to turn to (5.1.32). In the axially
symmetric magnetic field with potentials (6.2.1), polarization vector {5.1.30) is equal to

B(n) = (0, 0, —%H (p(rl)))

and (5.1.32) is the linear Hamiltonian system with T-periodic coefficients. The Floquet
solutions of this system possess the following characteristic indices:

c_ % f " |
of =~ | g HeEN@m. (6.2.24)

Whence, with an accuracy to O(¢%), we have

w} = %wo +0¢%)  p =L (6.2.25)

By summing up the resuolts obtained above and allowing for the equality wy = 3 E/31
(which follows from (6.2.14) and (6.2.16)) we obtain the expression for the guasi-classical
energy spectrum

Enpyrpao(h) = [m204 + egH(R(n, 1+ £/2)RP(n, L + £/2) — 2eqc H(R(n, 1 + £ /2))

¢ g0 — )2 — q)
Rin, 1+ /) 1—-5g

+ O(e*) + 0(r?) (6.2.26)

x kg (v + -12-) +

12
B+ Hv + %)]

where R{n,l + £/2) = R(Ip(n,! + £/2)). As in the previous example, putting in (6.2.26)
formally An(h) = O(h) we obtain the series of energy levels of an electron moving along
an equilibrium orbit [7].
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Appendix 1

To prove (5.2.5) we make vse of the stationary phase method. Consider a rapidly oscillating
integral of the form

I = fqo(a),x) exp [%S(w,x)] dx xeR! (ALD)
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where w are parameters. Let the function S{w, x) possess only one non-degenerate critical
point xp = xo{w), i.e. S:{xp) = 0, Sy (o} # 0. Then, there accurs the following expansion
of the integral (Al.1)ath — 0

Py . .
Ip™h) = ‘f | S;::xo)l @(@, Xo) exp [ELS(w, xo) + iZl-lzsgn Sxx (XO)] +O®). (Al2)

Now, consider the integrand in the right-hand side of (5.2.3) and separate out the rapidly
oscillating part of the exponent in it, Taking into account the condition Agy = g2 —g2(z) =
g> = O(h'/*) and the identity p;(z{(p1)) = p: rewrite (5.2.3) as

(m)f [i } £ (1) 9)
o exp($1) f 4 1 stpr, AU SViN PN Al3
( ( Jz)[ﬂ)(Q) m P1exp f-) (Pl q) |P1(7111(P|))I ( )

where

i py)

S(p1,9) = prqh + f% dt p1()qy (1) — PIQI(T{I (p1)) + Tow.

Thus, the coordinates ¢; and ¢ in (A1.3) stand for the parameters. The stationary phase point
is found from the condition Sp, (p1,q) = 0. Whence, we obtain ¢; = q;(ri" (p1)). In the
overlap region Vj; NV}, this equation has a unique solution p; = pi(¢:1), which does define

the desired stationary point.l It should be noted that the equality 77 (p1)|p,=pg) = 7" (@1)

is valid for the functions 7" (p;) and rlj’(ql) in the region V;, N V;,. Allowing for this for
the stationary point we have

)
Stoiia). @) = fr P @) dan(t) + fow (AL4)

Spip (P1{g1), q) = % (tl’(q )2 (Al.5)

Applying formula (A1.2) to integral (A1.3) and allowing for (Al.4) and (A1.5) we obtain

(K (Q:)[FD(g) = M exp {i([rﬁchn o dan(t + IM,)}
" Gl P\

T
xerp [ 2 [1- s Ltan ]| reet @+ 0

ir ) ;
= exp [? (y,-] - ¥+ merdex%)} (K (2,)[F]g) + O®) (A1.6)
where by definition
. d1 1 ( 41 )
inerdex— = ——{sgn——1).
P 2 8 P

By direct checking it is not difficult to see the validity of the following equality:
Yall(T1, 1)) = v, [1(Ty, )1 + inerdex—%(n) neV,NV, (AL7)

Equation (5.2.5) immediately follows from the latter and (A1.6).



5304 V G Bagrov et al

Appendix 2

We are interested in the asymptotic behaviour of the wavefunctions lilg(q Byath — 0
in a small domain of the caustic 7, (¥) C IR3 formed, in our case, from the points

{g1(zF) = Rs,q2 = 0,9 € [0, 2]}, where q,(r, ) = 0. Choose the partition of unity
so that
supp ez(1, &) = [t — &, 17 + £]
: : (A2.1)
suppes(ty, &) =[1] —¢&, 1) +¢]

where ¢ is a small parameter of order O(k'/5), For the sake of simplicity we assume

e = (e, e3), rl == (r, 77 ). Then, the function \Dg(q k) at B — 0O takes the form
(equation (5.3.1) is assumed to be fulfilled)

° n : 4]
‘I’E(q,fl)=fo drl(el(‘n,s)+83(71,£))v¢1(11)(expl£ P:(f)dm(t))

X 8(q1 — (M) Pu(T1, 22, 9) + Ef e;iz;;\m] (t1)

x {‘”@%[]; ) dgi () + pr(n)g: — 41(1'1))]} Py (11, 42, )

= Jo +Z J. (A2.2)

At g1 near to q; ('cl ) the main contribution into the asymptotic behaviour of functions (A2.2)
is made by the two last integrals J;. Let us analyse their asymptotic at # — 0. By changing

to the new variable u = (1; — rf )/.‘:2 one obtains

PN i L0

5 frh 2 1 2
T +ecu)db,(z) +e°u, g2,
e \/m p](i ) U(] gz q’)

: f +e2u
x exp [ fo PR + pu(ef + 80 - (] + szu))]. (A2.3)

Consider the region of configuration space containing the caustic 7, (X) and consisting
of the points

Vil (BN = {(g) : @1 — a{7}) = O@*?), g2 = O(R'?), ¢ € [0, 27} (A2.4)

Expand expression (A2.3) in powers of the parameter £2 = O® !/ 3). Then, at points (A2.4)
we have

J; =& ec(fl) Pl(fq )q’ (Tp‘,h q’)

1
~ —2mih

X{ / duexpi[uﬁ:crf)q—’;f,’T“” ‘;p,(rl>q1<r.)]+o<h”3>}.

(A2.5)

. -;,f
xexp%[./; pl(t)dql(t)+Pl(T|':)(QI _ql(rf))]
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By making use of the integral representation of the Airy function
1 oo
Ai(x) = — f dE exp i(Ex + £3/3)
2 J_so

and the equality e, (rf) = | one obtains:
~ 2w exp(in /4)
. - 173
(-3mGHaE)
3
1

X (exphi[ fo P1(1)dgi () + pr(xt Mg — qo(f ))D
_ ¢
X {Ai [z; LT ﬁffs(r’ )} + O(h’“)} (A2.6)

where Z, = pi(z} )/(—%m(rf)él(rl‘:))'ﬁ. Thus, in the neighbourhood of the caustic
V5 [,(E)] the leading term of asymptotic (A2.6) has the order O(~'/%), which implies a

significant amplitude growth of the solution Wz(g, ) at these points at # — 0.
Consider now the region of the shadow of configuration space formed by the points

Wi =1{(g) : 91 — a1(z{) = O(%), g2 = O('), ¢ € [0, 27} (A2.7)
where o« < 1 and g — g1(z) % 0. We shall show that in the region W; the function

J, = 2R P1E)P(E g2, 0)

(-]
We(g,h) is an asymptotic zero. As in the previous case the behaviour of the function
-]

Wr(g, h) at points (A2.7) is governed by the integrals J,. Make the change of variables
i = (1) — t})/e> and rewrite in the form

tjet i _
Jy = @) f % [exp eup ()@ ~ i ))] b, g2 9. 7) (A28)

where

3 : rf
um) = —:\/% exp % [ [0 21 dai(®) + iz ) (g — i (zf ))] = O(1) (A2.9)
and

D, (4, g2, 0, 7)) = e (3} + 2wy pi (e} + S P + %4, g2, ¢)

: tf +etu
xept [17 n©da® + el +80 = b - piu)

x (g1 — N+ pi(xf +EWq ) — izl + s3u)]}- (A2.10)

Expanding function (A2.10) in an asymptotic series in &°, we find that the leading term
of the expansion is of the order O(1). In view of the condition - /st = 0 (which
immediately follows from (A2.1)) and the function &, being finite, the integration limits in
(AZ.8) may be replaced by £o0. Since in the region (A2.7} integrals (A2.8) do not have
critical points, and function (A2.10) is regular with respect to the variable u, then, according
to the theory of asymptotic estimations of rapidly oscillating integrals one obtains

Jp = O(™). (A2.11)
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